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and, then, eliminating the variable {,, we can finally obtain the equations of motion of
system (4.1) in the from (2.1).

The author thanks A.P. Markeev for his interest and for useful discussions.
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THE APPLICATION OF ASYMPTOTIC METHODS TO CERTAIN STOCHAS’[IC PROBLEMS
OF THE DYNAMICS OF VIBROPERCUSSIVE SYSTEMS

A.S. KOVALEVA

Motion of certain vibropercussive systems acted upon by a random, non-white
noise perturbation is studied, using the limit theorems of the convergence
of the solutions of stochastic differential equations to a diffusion
process. The results, first obtained in /1, 2/ for smooth systems, are
generalized to include systems with discontinuous and impulsive right-hand
sides /3-5/ by approximating the discontinuous functions by a converging
sequence of smooth functions. An analogous approach is described for
vibropercussive systems, and regions of stability of the perturbed motion
are constructed.
Analytic expressions describing the probability density and disper-
sions of velocity and coordinates are well known /6, 7/ in the case of
linear systems excited by white noise, under elastic impact. The method
of non-smooth transformations /8/ is used for more complex systems to
construct the FPK equations characterizing the distribution of the energy
of the oscillations /9, 10/. Basic results are also obtained for systems
excited by white noise.
1. cConsider a quasiconservative, vibropercussive system. The equation of motion and
condition of impact against a one-sided stop have the form
2" 4 Qx =eg{t, 2,7, 8) 1.1)
z=A, 2= —Rz', R=1— ¢, r = const = o (1.2)
Here A 1is the size of the gap (A > 0) or displacement (A <0), z_' and z,” denote the

velocities before and after the impact and e is a small parameter. The piecewise-continuous
function g characterizes the additional non-conservative terms and represents, for fixed =z
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and 2', a measurable random process.
when ¢ =0, the generating conservative system has the following general integral /7/:

z(t) = —J (0) x (), 0), © =2a/T (1.3)
X@ho) =T S @Ko, p=o()t—t)

Here % (P, ) is the periodic Green's function /1l1/, T is the period between collisions,
J is the impact momentum and #, is the impact phase. The function % (§, @} is continuous and

its first derivative becomes discontinuous at ¢ = 2nk, k=0, +1,.... The relation between the
frequency of motion and the momentum is described by the following condition of impact:
A0 2(t) = A, T (0) = Ay (0, ) = —2Q tg (nQ/w) (1.4)
A=0 o=2Q

Assuming that the perturbations are small and the impact nearly elastic, we can presuppose
that the character of the motion is preserved in the quasiconservative vibropercussive system
and the mode of motion is almost a single T-periodic impact. Then the perturbed motion can
be analysed using the methods employed to analyse systems which are almost conservative.

We shall use the procedure given in /2/ to reduce system (l.l) to standard form. Introduc-
ing the new momentum-phase variables

z==J1 0) & = —Joxy (§ @) (1.5)
we obtain, after transformations, equations analogous to those given in /12/
J = —beg (t, —Jy, —J0Yps E} O%p (1.6)
V=0 )+ 4eJg (t, =%, —~Toxw &) (JX))

The relation o (J) is given by condition (1.4). The derivative (Jx)s is computed taking
the relation connecting 3 and o (J) into account. The right-hand sides of (1.6) are 2a-
pericdic in . After substituting (1.5} into (1.4) the conditions of impact are transformed
into the conditions of discontinuity of the momentum: at the instant of impact when ¢ = 2nk
*k=0+1,+2,..),J,=RJ_, i.e. when R=1 — &

J,—J. = —erJ_, b= 2nk 1.7)
The condition of impact(l.7) canbe inserted into the first equation of (1.5) with help of
the d-function /13/. Taking into account the relation ¥ ({f} we obtain, to terms O (e?),
J = —degoyy — € (gm () J48 (p — 2nk) 1.8)
)
V= o () 11 + 4eJ-1g (Ji)
= g(t’ ’_Jxa '-me% g), Ji = g fv-mk
The non-isochronous character of the system, i.e. the dependence of the frequency  on
the momentum J, leads to computational complications. Henceforth, we shall assume that the
gap is small A = ¢®A,. This will simplify the computations considerably, without affecting
the qualitative representations concerning the form of the solution, since the generating
system will become isochronous o = ©, = 2. Let us introduce the substitution
z =2, + e®A;; (1.9)
=~ t—9), 2 = —J%:° (8~ @)
where y° (t) = y (2Q¢, 2Q), and when 0 <t n/Q/11/,we have

@y =) sinQt, %’ = Y,cosQt (1.10)
The substitution (1.9) reduces the initial equation to its standard form
J = defg —er )30t — @) — e’r%iké(t— @o—kT), T=n/R (L.11)

¢ = —4eJ7 g — eAQ% ° (2 ~ @)

The right hand sides of (1.11) are I = n/Q-periodicin t. The equations cbtained can
be analysed using the results obtained in /3-5/.

2. Let the system be isochronous and g = g, (1, z, z°) + eg, (L, 7, '), so that

J= —-e‘r(%lké(t-qx—kl')-{— &Gu(t, J, (p) -+ B’Gu(t, J, (p) (2.1)
@ = 8G, (& J, 9) + %Gy, (2, J, )

Gy o= —4g; (t, =I° (t— @), ~T°(t — ) %,° (t — @) (2.2)
Gy =~ (. —T3 € — ). =07 — D) 1 ¢~ )

i=A1,

Let the functions g, and g, be continuous together with their derivatives in z and z' and
represent, for fixed z and 2', a measurable random process satisfying the condition of strong



530

mixing /1/, with Mg, = 0.
Let us put z = (J,¢) and introduce the moment characteristics

3G, (¢, 2)
Bj (t? 52z =M 1’ Glr (S, :> (‘-)-3)

a;; (t, s, 2) = MGy; (t, z) Gy (s,2), A4 ={a;}, i,j=1.2

Let the conditions given above for the functions g, g, all hold, and let the following
limits exist uniformly in z and f{;:

. B4t
lim - S MGay (£, 2) dt = G, (2} (2.4)

G—co
@4 fn t

llm— 5 dt S i(ts,2)=B;(z), j=1,2

g 0 108
e+ru 0+to
(l;im% S dt S At s,2)=.1(2)
s iy ta
Then /1-5/ the sclution of (2.1) converges weakly to the solution of the system of Ito
equations = .
dJ° = [Ty (J°, ¢°) + B, (J°, ¢°) — rTWJ°] dtr — (2.5)
on (J°, 9°) dwy + oy (Jo @°) dw,
dg® =[Gy (J°, ©°) + By (J°, ) dv + 041 (J°, ¢°) dw, —
0y (J°, 9°) duy
o0’ =1, t=¢% 0Lt

where w = {w,, w,} is a two-dimensional standard Wiener process.

If gt z,2) = g; (z, 2°) §; (1), where E; (i) are stationary random processes with fairly rapidly
diminishing correlation functions, we can confirm that B = B (J),.1 = T (J), i.e. the coefficints
of (2.5) are independent of ¢ and the first equation of (2.5) can be separated.

3. Relations (2.1)—(2.5) are of a general character. We shall use them to solve some

probletgs of the dynamics of vibropercussive systems.
17. Consider a system with parametric perturbations, linear in the intervals between

impacts. Its motion is described by the equation
74+ QP (1 + ek () z + 2etbr’ =0 3.1

and conditions of impact (1.2). We shall assume that the gap is small A = ¢?A,. Then the

substitution (1.9) will transform (3.1) to the form (1l.1l).
It is important in most cases to know the behaviour of the mean square value of the variable

J. Introducing the new variable y = J% we transform system (l.l) to the form

¥ = — ey (1) 5° (¢ — ) 1:° (t — ) — 8e* {{2byx,° (¢ — @) — (3.2)
QA4 — )+ o I b (E— @ — KD}
(k)
@ = —4eQE () [x° (¢ — @)I* — 4e? [2by,° (t — @) —

QDY 7 & — o)
We write, in accordance with (2.1),
Gu = —ByQ*E (1} L, (¢ — @)
Gy = 42T (1) L, (8 — 9)
Ga = —8 [2byly (¢ — @) — LA (¢ — )]
Gop = —4 [2BT, (¢ — fp) — QA (¢ — @)l
L@ =y @), L= tx° (1)12 La () = [y )P
By virtue of (1.10) the functions {;(j =1, 2, 3) are continuous and
L (1) = (8Q)'sin 2Qt, L, (8) = By (1 — cos 2Q1)
o) =Ys (1 +c0s2Qt), O0LtCoo
Let % (f) be a stationary random process with a fairly rapidly decreasing correlation
function, and spectral density S (A). Then, computing the coefficients of equations (2.4), we

cbtain

(3.3)

Gu = —2by’, B, = 1,08 (2Q) y°
Q% (y°)PS (2Q), a, =0

fi

1431

Consequently the following linear Ito equation corresponds to the process y:
dy® = By°dv - aidw
B o= 1,038 (2Q) — 2 (b 4 ra”'Q)
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The condition of stability in the mean square follows from (3.4) at once: P < 0. Aweaker con-
dition of probability stability was obtained in /9/ for systems perturbed by white noise.

Note that when r = (0 we obtain the well-known condition of stability of a system without
a stop; if E(t) =0 and b = —b; < (, we obtain the conditions for the guenching unstable
oscillations in the case of inelastic impact

r<zmfX!|b| (3.5)

which agrees with that established in /9/.

2°.  The motion of a vibropercussive system excited by a random force is described by

i ti
the egquation £+ %%+ Dz = sk (1) (3.6)

and the conditions of impact (1.2); E{f) is a stationary random process with a fairly rapidly
decreasing correlation function, and spectral density § (A}, Assuming that the gap is small
A == g’A; and putting (1.9)J = y', we reduce (3.6) to the form

y’-:—ﬁe“r(%ygﬁ {t— o — kT + eGy -+ €3Gy

Q)' = 8G|g + e‘Gn
Gn = =8y E () %"t — 9), G = —4"ME () x° (¢t — @)

where the functions Gg, Gy, are identical with those computed in Sect.l.
The diffusion equation for the limit process y° has the form

dy* ={(Gyy + B1—2rz"Qy) d7 + o0 (") dww

Here, as before, we have &, = —2by° and the quantities B, 0;; computed from (2.4),
have the form

R 453
F;:-?; " mé’(fc&), on?=an=_>5w, (3.7)
k=1
If §(A) is a rational fractional function and the correlation time ¢ (f) of the process
is much shorter than T = nQ™}, then summing the series (3.7) /1i/ and remembering that

o = 20, we obtain B, ~ 45 (@)

We obtain a linear equation for the moment m == M {(°}* with the following stationary
solution: A = 28 (g) [b + ra-iQ)-1

We see that the dissipation of energy on impact (rs=0) reduces the oscillation intensity
in the case of a random, wide-band input and assists, when condition (3.5) holds, in quenching
the unstable oscillations in the system without a stop.

Notes. 1°. The procedure given here remains valid for systems with extra degrees of
freedom whose dynamics can be described by the equations.

T+ Qx=eg(t,T,2,2,8)
¥y =eY{(t,1,2,2,8), y& By, 1=0e%

and the impact condition 2= A,z = —Rz_'. R =1 — ¢'r. Here the function Y satisfies all the
requirgment of Sect.2.

27. The case of a two-sided stop is considered in the same manner. The function % in
the expression for the general integral’ of the conservative system (1.3) and in the substitu-
tion (1.5) is replaced here by the following periodic Green's function of second kind /11l/:

L
Kgp=T"2 E [~ (2% — 1)2 @ + Q3] 2F-1i

Koo e 00
The author thanks V.F. Zhuravlev for valuable criticisms and discussions.
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ON THE PRECESSIONAL - SCREW MOTIONS OF A SOLID IMMERSED IN LIQUID™

V.N. RUBANOVSKII

The Kirchhoff-Klebsch problem on the inertial motion of a solid immersed

in a liquid is considered. The precessional-screw motions of the solid

consisting of two screw motions are investigated. The axis of one motion

is fixed in space, and the other axis is fixed within the body. The

necessary and sufficient kinematic conditions are given for the precessional-

screw motions in differential and finite form. A method of finding such

motions is given, their stability is studied and a geometrical interpreta-

tion of the body motions is presented.
1. consider the problem of the inertial motion of a free solid bounded by a singly
connected surface and containing multiconnected cavities completely filled with a perfect
fluid in irrotational motion, in a perfect, homogeneous incompressible fluid unbounded in
all directions. We will assume that the motion of the fluid outside the body caused by its
motion is irrotational, and that the fluid is at rest at infinity.

The kinetic enexrgy T of such a dynamic system can be written, apart from a constant

determined by the periodic motion of the fluid within the body cavities, in the form /1/

3 3
T==—§.—VV(a.;:P;_P;{-b;;R;_R;-{—2C.;;P;'R,')v @i;==aj, by,=by
PP AR i i3 j i E i
Tl Jeml

where au,b“,c“ are constants defined for the given system, while R; R, By and Py, P, P,
are pIOjectlonb of the impuslive force R and uupu;:uvv: CGup;.: P of the system on the axes
of a rectangular Ozz,z; coordinate system rigidly bound to the body, neglecting the cyclic
motion-of the fluid within the body cavities.

Denoting by u;and £; the projections of the translational velocity u and instantaneous

angular velocity & of the body on the z; axes, we obtain for them the following expressions:

= 9T/3R,, Q, = oT/oP, (123) 1.0
The equations of motion of a body in a fluid have the form /1, 2/
dR/dt + QX R==0, dP/dt+Qx (P+k)+ux R=0 (1.2)

where k = (&, k,, k;) is the kinetic momentum vector of the cyclic motion of the fluid in the
body cavities. Equations (1.2) admit of three first integrals

T = E = const, R® = H® = const, (P + k).R = hH?® = const (1.3)
Using the methods of screw calculus /3/ we introduce the impulsive Q=R -+ o (P + k)
nd kinematic U =Q 4..n. screw, where o {w® =0) is the Clifford number, and write (1.2)

1d kinematic = Q screw, wher ({ ) 1if
in the form of a single equation

dQldt + U x Q =0 (1.4)
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